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Relativistic positioning and geometry
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Self-positioning for navigation
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Bottom up (Minkowski)
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Future light cone of the emitter

E: orbiting emitter
R;: ground based receiver

x.’s: known coordinates

T.’S: measured proper times
(synchronous clocks)

T, Xg S: to be determined

: light rays

Matteo Luca Ruggiero, Angelo Tartaglia, Lorenzo Casalino, Geometric definition of emission coordinates, Advanges
in Space Research, 69(12), 4221-4227
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Basic equations

Null geodesic between the emitter and the i,, receiver (Cartesian coordinates, Earth centered
non rotating frame):

Cz(ti_tE)z:(Xi_XE)2+(yi_yE)2+(Zi_ZE)2 1:1+5

I I I H I
X's, yi's, z;'s are given t's are measured te, Xg, Ve, 2 are to be calculated

Subtracting the first from the other equations ends up with 4 linear eq.s for the four unknowns:

ZcztE(tj —t,)-2x, (xj —X,)-2y, (yj - yl)—ZZE(zj —7,)= (:Z(tl2 —tj2)+ re—n
]:2+5
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Analytical solution
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C-e=N = ¢=C"1.N

X, —X; = sin 9 cos(Q, )—r, sin 9, cos(Qt, ) L
yl—yj=rlsinglsin(Qtl)—rjsinSjsin(Qtj) fj =X Y +2

Z,—Z; =1,COSH, —T; COS Y,

Include Earth’s
rotation
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Gravitational effects

Schwarzschild approximated symmetry

Radial null trajectory . GM .
2
r. —2m ¢
C(tl_’[E): I —r1+2m|n =
L —2m




. | | /
Rotation of receivers and proper times ( G453

) m 2 2 08y? ]
T er - “I r th
t = | ~| 1+ —+— S|n29i+[ ———

2
I’ earth C

| ’r? . 2C
\/1_2m_£2r sing - -




(A C4S

Galileo for Science

Uncertainties and errors

Position of the receivers on the ground  =mm=) Systematic errors: Ax,...

Arrival times measurement E—) Measurement uncertainty: or,

Then, of course, one has the propagation through the atmosphere

Numerical implementation is under way
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